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Abstract
We compute the one-point functions of chiral primary operators in the non-
supersymmetric defect conformal field theory that is dual to the IIB string
theory on AdS5 × S5 background with a probe D7 brane with internal gauge
field flux, both in perturbative Yang-Mills theory and in the string theory dual.
The former is expected to be accurate at weak coupling whereas the latter
should be accurate in the planar strong coupling limit of the gauge theory. We
consider the distinct cases where the D7 brane has geometry AdS4 × S4 with
an instanton bundle of the worldvolume gauge fields on S4 and AdS4×S2×S2
with Dirac monopole bundles on each S2. The gauge theory computation and
the string theory computation can be compared directly in the planar limit and
then a subsequent limit where the worldvolume flux is large. We find that there
is exact agreement between the two in the leading order.
1 Introduction
Probe branes and defect conformal field theories have been widely studied in the con-
text of AdS/CFT holography [1]-[23]. The classic example is the D3-D5 intersection
[3, 4] where the relative orientation of the D3 and D5 branes is shown in table 1.
In the appropriate limit, this system becomes AdS5 × S5 bisected by the probe D5
brane with world volume geometry AdS4 × S2. The original idea [1, 2, 5] was that,
in a sense, the AdS/CFT correspondence acts twice. The near horizon geometry of
the D3-D5 system contains two sets of excitations, those of closed IIB superstrings
occupying AdS5, which are dual to N = 4 supersymmetric Yang-Mills theory on the
R4 boundary of AdS5, and open strings connecting the D3 and D5 branes, which are
dual to field theory excitations on the R3 boundary of AdS4, the latter forming a
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co-dimension one defect in R4. The resulting field theory dual is then N = 4 super-
symmetric Yang-Mills theory occupying 3+1 dimensions and interacting with a field
theory living on a 2+1-dimensional defect. The D3-D5 system preserves half of the
supersymmetries of the bulk N = 4 theory and the degrees of freedom which live on
the defect are a bi-fundamental hypermultiplet which transforms in the fundamental
representation of the bulk gauge group and the fundamental representation of the
defect gauge group. The defect theory reduces the conformal symmetry of N = 4
Yang-Mills theory to the SO(2, 3) conformal symmetry of the defect. It also reduces
the SO(6) R-symmetry to SO(3)×SO(3) and the superalgebra from PSU(2, 2|4) to
OSP (4|4).
x0 x1 x2 x3 x4 x5 x6 x7 x8 x9
D3 × × × ×
D5 × × × × × ×
D7 × × × × × × × ×
Table 1 : D3, D5 and D7 orientation
An interesting variant of the D3-D5 system is where the worldvolume gauge fields
of the probe D5 brane have a monopole bundle with a quantized U(1) magnetic flux.
The geometry of the brane is still AdS4 × S2 and the flux is on the S2. As depicted
in Figure 1, in the field theory dual, the defect separates 3+1-dimensional space-time
into regions where the gauge group of N = 4 Yang-Mills theory has different ranks, N
on one side of the defect and N−k on the other side of the defect, with k the number
of units of Dirac monopole flux. In the string theory this corresponds to the situation
where k of the N D3 branes end on the worldvolume of a D5 brane. The low energy
action of the D5 brane contains a Wess-Zumino term proportional to
∫
D5
C(4) ∧ F ,
with C(4) the Ramond-Ramond 4-form carrying the D3 brane charge, and F the field
strength of the worldvolume gauge field. The D3 branes intersect the D5 brane on a
subvolume which can be linked by a 2-sphere. The first Chern class of the gauge field,
the integral of F over the 2-sphere must be equal to the number of D3 branes which
terminate there. The holographic system with this flux has some interesting new
features which have been exploited in holographic constructions of 2+1-dimensional
physical systems [11, 20]. In the limits which are taken in holographic theories, the
magnetic flux has to be large, k ∼ √λ, where λ is the ’t Hooft coupling of N = 4
Yang-Mills theory, in order to have an effect on the geometry of the D5 brane and to
be visible in the physics of the holographic dual.
In an interesting recent paper [25], Nagasaki and Yamaguchi showed that the
one-point functions of chiral primary operators could be computed for the D3-D5
defect field theory in the limit of large monopole number k. The defect preserves an
SO(3)×SO(3) subgroup of the SO(6) R-symmetry and, in the defect conformal field
theory, an SO(3) × SO(3) invariant primary operator O∆(x) can have a one-point
function
〈O∆(x)〉 = C∆|z|∆ , (1)
2
Figure 1: Defect conformal field theory: The defect is depicted by the vertical
line through the center of the diagram. The defect occupies 2+1-dimensions and
divides the 3+1-dimensional space-time into two different regions which are occupied
by N = 4 supersymmetric Yang-Mills theories with gauge group SU(N) on the left
and SU(N − k) on the right. The integer k is the number of D3 branes which end on
the D5 or D7 brane. In the latter cases, k should be replaced by k1k2 or dG.
where ∆ is the conformal dimension of the operator in the bulk and |z| is the distance
between x and the defect. The result for the one-point function of the chiral primary
operator with conformal dimension ∆ in the limit of large k√
λ
[25] is
〈O∆(x)〉 = k√
∆
(
2pi2k2
λ
)∆/2
Y∆(0)
1
|z|∆ , (2)
where ∆ must be an even integer and Y∆(ψ) is the unique SO(3)×SO(3) symmetric
spherical harmonic at level ∆. (See Section 2, equation (26)). In equation (2), it is
evaluated at ψ = 0, where the S2 has maximum volume.
What is remarkable is that this result is obtained on both the gauge theory and
the string theory side. In both cases, it is of leading order in the parameter
√
λ
k
which
is assumed to be small on both sides. It is one of the few instances where the gauge
and string theory computations can be compared directly. Moreover, it is a test of the
AdS/CFT correspondence in the presence of probe branes complementary to previous
tests which have examined the open D3-D5 string sector in the plane wave BMN limit
[26] [27]-[30]. The accuracy of the BMN limit in the string theory depends on a large
angular momentum on S5 whereas, in the present case, it is k, the number of D3
branes which end on the D5 brane that is large.
In this Paper, we will extend and elaborate on this interesting result. In partic-
ular, we will extend it to the non-supersymmetric D3-D7 system. We will consider
two different cases, the first with SO(3) × SO(3) symmetry where the probe brane
geometry is AdS4 × S2 × S2 and where the worldvolume U(1) gauge field of the D7
3
brane has k1 and k2 units of magnetic flux on the two 2-spheres, and the second
with SO(5) symmetry, where the probe brane geometry has is AdS4 × S4 and the
worldvolume gauge fields form a certain instanton bundle on the S4 with instanton
number dG. The situation on the gauge theory side is again as illustrated in Figure
1, only in the first case the parameter k gets replaced by k1k2 and in the second case
it gets replaced by dG. Remarkably, even in these non-supersymmetric systems, the
one-point functions of chiral primary operators on the string and gauge theory sides
agree in the leading order of a large k1√
λ
, k2√
λ
limit of the SO(3) × SO(3) symmetric
system,
〈O∆(x)〉 = k1k2√
∆
(
2pi2(k21 + k
2
2)
λ
)∆/2
Y∆(arctan(k2/k1))
1
|z|∆ , (z < 0), (3)
or the limit of large n√
λ
, with instanton number dG = 16(n + 1)(n + 2)(n + 3), in the
SO(5) symmetric system,
〈O∆(x)〉 = n
3
6
√
∆
(
pi2n2
λ
)∆
2
Y∆(0) 1|z|∆ , (z < 0), (4)
where Y∆(θ) is the unique O(5) symmetric spherical harmonic at level ∆. (See Section
4.1.1). Here it is evaluated at θ = 0 where the size of the S4 is maximal. The second
remarkable fact is that a discontinuity in what is meant by chiral primary operator
that is expected to occur as one crosses the defect will also turn out to be visible in
the supergravity computation. On the gauge theory side, it is easily seen. The Yang-
Mills theory computations which result in (3) and (4) are semi-classical, obtained by
simply substituting a classical configuration of the scalar fields of the N = 4 Yang-
Mills theory. These fields are non-zero only on the side of the defect with SU(N)
gauge group, they vanish on the side with SU(N−k1k2) or SU(N−dG) gauge group.
The Yang-Mills theory therefore tells us that the leading contribution to the one-point
function (3) and (4) is nonzero only on the side of the defect where the gauge group is
larger (thus the qualification z < 0 in that formula). It is interesting to ask whether
this is reflected in the strong coupling, string theory computation. We shall find that
indeed it is. There is a discontinuity in the leading order of the one-point function as
the point crosses the D7 brane, with the value being much smaller on the side of the
brane with smaller D3 brane flux.
The D3-D7 system is of interest as a holographic dual of a defect field theory
where the degrees of freedom living on the 2+1-dimensional defect are fermions [9]-
[23]. The flat space orientation of the D3 and D7 branes is displayed in Table 1. This
is an #ND = 6 configuration and it is not supersymmetric [24]. Nevertheless, in flat
space, there is no tachyon in the spectrum of the D3-D7 open strings and the only
zero modes are in the Ramond sector. The light degrees of freedom are thus chiral
fermions inhabiting the 2+1-dimensional overlap of the D3 and D7 worldvolumes.
However, the most straightforward constructions of the D3-D7 system, where the
D7 brane worldvolume is either AdS4 × S4 or AdS5 × S2 × S2 without fluxes are
unstable [9, 10, 11, 12]. The systems are non-supersymmetric and the D3 branes and
4
D7 brane repel each other. The symptoms of the resulting instability are tachyonic
modes which violate the Breitenholder-Freedman bound for fluctuations of the em-
beddings. They are stabilized by adding the topological fluxes, the instanton bundle
on the S4 when the instanton number is large enough [11] or Dirac monopole bundles
on either one or both of the S2’s in S2 × S2, when the flux is large enough [12]. This
lower bound on the flux is, in the first case, where the instanton number (which we
shall call dG) exceeds a number of the order of λ3/2 and, in the second case, where the
monopole numbers k1 and/or k2 are of order
√
λ. In this Paper, we shall be interested
in the limits where dG  λ3/2 or k1 and/or k2 
√
λ as it is in this region where the
gauge theory and string theory computations can be compared.
In Section 2, we present the Yang-Mills theory computation of the one-point func-
tion of chiral primary operators in the case where SO(3) × SO(3) R-symmetry is
preserved. In Section 3 we present the same computation in supergravity. In Sec-
tion 4 we examine the case where the SO(5) subgroup of R-symmetry is preserved.
Section 5 contains a discussion and conclusions.
2 Defect N = 4 Yang-Mills Theory
2.1 Classical solution
We begin with a classical solution of N = 4 supersymmetric Yang-Mills theory, where
we set the vector and spinor fields to zero, Aµ = 0, ψ = 0 and look for a solution of
the remaining equations for the scalar fields,
∇2φi −
6∑
j=1
[φj, [φj, φi]] = 0, (5)
6∑
i=1
[φi,∇φi] = 0. (6)
Equation (6) is the condition that the SU(N) color current is zero. A solution of
these equations with the appropriate symmetries is
φi(z) = −1
z
(tk1i ⊗ 1k2×k2)⊕ 0(N−k1k2)×(N−k1k2), for i = 1, 2, 3, (7)
φi(z) = −1
z
(1k1×k1 ⊗ tk2i )⊕ 0(N−k1k2)×(N−k1k2), for i = 4, 5, 6. (8)
Here tk1i for i = 1, 2, 3 are generators of the k1-dimensional irreducible representation
of SU(2) and tk2i for i = 4, 5, 6 are generators of the k2-dimensional irreducible rep-
resentation of SU(2). Furthermore, 1k1×k1 and 1k2×k2 are unit matrices of dimension
k1 × k1 and k2 × k2 respectively. This generalizes the solution that was used in ref-
erence [25] that was suitable for a single S2 to a solution suitable for the product
S2 × S2.
5
The matrices φi have the following property
φ21 + φ
2
2 + φ
2
3 =
1
4z2
(k21 − 1)1k1k2×k1k2 ⊕ 0(N−k1k2)×(N−k1k2), (9)
φ24 + φ
2
5 + φ
2
6 =
1
4z2
(k22 − 1)1k1k2×k1k2 ⊕ 0(N−k1k2)×(N−k1k2), (10)
and hence
Tr(φ21 + φ
2
2 + φ
2
3) =
1
4z2
(k21 − 1) k1k2, (11)
Tr(φ24 + φ
2
5 + φ
2
6) =
1
4z2
(k22 − 1) k1k2. (12)
We will use these equations for computing the classical limit of the one-point function
of a chiral primary operator, which we shall define in the next subsection.
2.2 The Chiral Primary Operators with SO(3) × SO(3) sym-
metry
The chiral primary operators of N = 4 Yang-Mills theory are
O∆I(x) ≡ (8pi
2)
∆
2
λ
∆
2
√
∆
Ci1i2...i∆I Tr (φi1(x)φi2(x) . . . φi∆(x)) , (13)
where the φi’s can be any of the six real scalar fields. Here ∆ is an integer which
counts the number of fields and it is also equal to the bulk scaling dimension of the
operator which does not depend on the coupling constant. The tensors Ci1i2...i∆I are
symmetric and traceless in the indices i1 . . . i∆ and they can be chosen to satisfy an
orthogonality relation
6∑
i1...i∆=1
Ci1i2...i∆I1 C
i1i2...i∆
I2
= δI1I2 . (14)
The indices Ia label different such tensors which are equal in number to the dimension
of the totally symmetric and traceless irreducible representation of SO(6) with ∆
indices, Ia = 1, . . . , (3 + ∆)(2 + ∆)2(1 + ∆)/12. With the normalization in (13) and
(14), the planar limit of two point functions of the theory without the defect are unit
normalized as
〈O∆1I1(x)O∆2I2(y)〉 =
δI1I2δ∆1∆2
|x− y|2∆1 . (15)
The irreducible representations of SO(6) and the components of states in each rep-
resentation are in one-to-one correspondence with spherical harmonics on S5. Here,
we shall follow the notation of reference [31]. Using the same tensor as in (13), a
spherical harmonic on S5 can be written as
Y∆I = C
i1i2...i∆
I xˆi1xˆi2 . . . xˆi∆ , (16)
6
where the xˆi’s are the components of a unit vector coordinate for the embedding of
S5 in R6,
xˆ21 + xˆ
2
2 + . . .+ xˆ
2
6 = 1. (17)
Equation (16) plus the fact that the tensors Ci1i2...i∆ are traceless and symmetric and
the identity ∇jxˆi = 1|x|(δij − xˆixˆj) where xˆi = xi/|x|, can easily be used to show that
−~∇2Y∆I = ∆(∆ + 4)|x|2 Y∆I , (18)
and, remembering that −~∇2 = − 1
x5
d
dx
x5 d
dx
+
L2ij
x2
, where Lij = −i(xi∇j−xj∇i), we see
that Y∆I are eigenfunctions of the Laplacian, L2ij, on S5 with eigenvalues ∆(∆ + 4).
The index I runs over the (3 + ∆)(2 + ∆)2(1 + ∆)/12 linearly independent spherical
harmonics at level ∆. From these degenerate states, we must identify those which
are symmetric under an SO(3)×SO(3) subgroup of SO(6). Following reference [25],
it is convenient to use coordinates on S5 where
ds2 = dψ2 + cos2 ψ
(
dθ2 + sin2 θdφ2
)
+ sin2 ψ
(
dθ˜2 + sin2 θ˜dφ˜2
)
. (19)
Here, S5 is constructed as two S2’s fibered over an interval ψ ∈ [0, pi
2
]. Then, knowing
that the SO(3) × SO(3) invariant spherical harmonic will not depend on any of the
coordinates of the S2’s, that is, it will depend only on ψ, it is clear that SO(3)×SO(3)
invariant spherical harmonic, which we shall denote by Y∆(ψ) must obey the equation
1
cos2 ψ sin2 ψ
d
dψ
cos2 ψ sin2 ψ
d
dψ
Y∆(ψ) = −∆(∆ + 4)Y∆(ψ). (20)
We shall see shortly that, with regularity conditions at ψ = 0 and ψ = pi/2, there is a
non-singular solution of this equation when ∆ is an even integer. This implies that,
when ∆ is even, there is only one SO(3)× SO(3) invariant state and when ∆ is odd,
there are no such states.
With the change of variables
z = e2iψ, (21)
the differential equation (20) becomes[
−
(
z
d
dz
)2
+
(
1 +
∆
2
)2]
[(z − 1/z)Y∆(z)] = 0, (22)
which is solved by
Y∆(z) =
(−1)∆/2
2(∆−1)/2
√
(∆ + 1)(∆ + 2)
z1+∆/2 − z−1−∆/2
z − 1/z , ∆ even (23)
=
1
2(∆−1)/2
√
(∆ + 1)(∆ + 2)
(
z∆/2 + z∆/2−1 + . . .+ z−∆/2
)
, (24)
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where we have chosen the solution which is regular at z = 1. It is also regular at
z = −1 only when ∆ is an even integer, in which case the solution is a polynomial,
and we have normalized so that the spherical harmonic has its usual normalization∫
S5
|Y∆(ψ)|2 = 1
2∆−1(∆ + 1)(∆ + 2)
∫
S5
1. (25)
Using a binomial expansion of z1+∆/2 = (cosψ + i sinψ)2+∆, the spherical harmonic
can be presented as an even homogeneous polynomial of order ∆ in cosψ and sinψ,1
Y∆(ψ) =
(2 + ∆)!
2(∆+1)/2
√
(∆ + 1)(∆ + 2)
∆/2∑
p=0
(−1)p sin∆−2p ψ cos2p ψ
(2p+ 1)!(1 + ∆− 2p)! . (26)
When the classical solution (7) and (8) of the classical field equations are substi-
tuted into a trace over gauge group indices such as that in equation (13), the only
components which survive are those which are invariant under the SO(3) × SO(3)
subgroup of SO(6). Therefore, only the components of the chiral primary operator
having this symmetry will have non-vanishing one-point functions. Since the chiral
primary operators are in one-to-one correspondence with the S5 spherical harmonics,
and, in the above, we have shown that there is a unique SO(3) × SO(3) invariant
spherical harmonic for each even integer value of ∆, we can conclude that there is
one unique SO(3) × SO(3) symmetric chiral primary operator for each even ∆. We
shall denote this operator by O∆(x). It is a specific linear combination of the oper-
ators O∆I(x) in a general basis which we defined in (13). We assume that O∆(x) is
normalized as in equation (15).
To relate the trace in (13) to the spherical harmonic Y∆, we simply factor out
the normalization of the six-dimensional vector (φ1, . . . , φ6), so that it behaves like a
unit vector. From equations (11) and (12) we see that this results in an overall factor
of the normalization to the power of the number of fields (k
2
1+k
2
2−2)∆/2
(2|z|)∆ ≈ (k
2
1+k
2
2)
∆/2
(2|z|)∆
where we shall use the limit where k1 and k2 are large. Then, the trace produces the
spherical harmonic Y∆(ψ) where, from (11) and (12), we can identify cosψ = k1√
k21+k
2
2
and sinψ = k2√
k21+k
2
2
as the relative radii of the two spheres. Then, the final trace will
1The first few of the SO(3)× SO(3) invariant spherical harmonics are
Y0 = 1,
Y2 =
√
1
6
[
sin2 ψ − cos2 ψ] ,
Y4 =
√
3
80
[
sin4 ψ − 10
3
sin2 ψ cos4 ψ + cos4 ψ
]
,
Y6 =
√
1
112
[
sin6 ψ − 7 sin4 ψ cos2 ψ + 7 sin2 ψ cos4 ψ − cos6 ψ] ,
Y8 =
√
5
2304
[
sin8 ψ − 12 sin6 ψ cos2 ψ + 126
5
sin4 ψ cos4 ψ − 12 sin2 ψ cos6 ψ + cos8 ψ
]
.
8
produce a factor of k1k2. Putting these factors together results in the expression (3)
which we recopy here for the reader’s convenience2
〈O∆(x)〉 = k1k2√
∆
(
2pi2(k21 + k
2
2)
λ
)∆/2
Y∆(arctan(k2/k1))
1
|z|∆ , (z < 0).
In the next Section, we shall show how the same formula for the one-point function
can be obtained from the IIB string theory on the AdS5 × S5 background with a
probe D7 brane. Normally, one would expect that the classical limit of string theory
computes the strong coupling planar limit of the gauge theory, and the computation
which we have performed in the gauge theory is perturbative, valid only at weak
coupling. In this case, however, there are additional parameters k1 and k2 and in the
limit where these parameters are large, there is an effective coupling
√
λ
k21+k
2
2
which
can be small in both the gauge theory and the classical limit of the string theory.
It is the leading order of the chiral primary one-point functions in an asymptotic
expansion in this parameter that we are comparing.
3 One-point function from supergravity
In this section we will obtain the one-point function (3) from a dual supergravity
calculation. We begin by reviewing the problem of embedding a probe D7 brane with
internal flux into AdS5 × S5 and studying the limit where the flux is large.
3.1 Probe D7 brane
We shall study the D3-D7 system in the probe limit where the number of D7 branes
N7 is much smaller than N , the number of D3 branes. In principle, with multiple D7
branes, the coordinates are matrices and the worldvolume gauge fields have U(N7)
gauge group. Since the non-abelian structure plays no role in this Section, we shall
set N7 = 1 (but of course will need to restore it in the following sections where we
discuss non-Abelian worldvolume gauge fields). We shall be interested in the limit of
the string theory which coincides with the planar limit of the gauge theory and, after
the planar limit is taken, the large λ strong coupling limit. In this limit, the string
2 For the first few values of ∆, this expression is
〈O2(x)〉 =
√
1
12
k1k2
(
2pi2
λ
)[
k22 − k21
] 1
|z|2 ,
〈O4(x)〉 =
√
3
320
k1k2
(
2pi2
λ
)2 [
k42 −
10
3
k22k
2
1 + k
4
1
]
1
|z|4 ,
〈O6(x)〉 =
√
1
672
k1k2
(
2pi2
λ
)3 [
k62 − 7k42k21 + 7k22k41 − k61
] 1
|z|6 ,
〈O8(x)〉 =
√
5
18432
k1k2
(
2pi2
λ
)4 [
k82 − 12k62k21 +
126
5
k42k
4
1 − 12k22k61 + k81
]
1
|z|8 .
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theory is classical, and the problem of including a D7 brane in the AdS5×S5 geometry
reduces to that of finding an extremum of the Dirac-Born-Infeld and Wess-Zumino
actions,
S =
T7
gs
∫
d 8σ
[
−
√
− det(g + 2piα′F) + (2piα
′)2
2
C(4) ∧ F ∧ F
]
, (27)
where gs is the closed string coupling constant, which is related to the N = 4 Yang-
Mills coupling by 4pigs = g2YM , σa are the coordinates of the D7 brane worldvolume,
gab(σ) is the induced metric, C(4) is the 4-form of the AdS5 × S5 background, F is
the worldvolume gauge field and T7 = 1(2pi)7α′4 is the D7 brane tension. We shall work
with coordinates where the metric of AdS5 × S5 is
ds2 =
√
λα′
[
r2(−dt2 + dx2 + dy2 + dz2) + dr
2
r2
+
+dψ2 + cos2 ψ(dθ2 + sin2 θdφ2) + sin2 ψ(dθ˜2 + sin2 θ˜dφ˜2)
]
. (28)
Here, (t, x, y, z, r) are coordinates of the Poincare patch of AdS5. The boundary of
AdS5 is located at r →∞ and the Poincare horizon at r → 0. The coordinates of S5
are identical to those which we used in the previous section. The Ramond-Ramond
4-form is
C(4) = λα′2
[
r4dt ∧ dx ∧ dy ∧ dz + c(ψ)
2
d cos θ ∧ dφ ∧ d cos θ˜ ∧ dφ˜
]
, (29)
with ∂ψc(ψ) = 8 sin2 ψ cos2 ψ. The dynamical variables are the ten functions of eight
worldvolume coordinates which embed the D7 brane in AdS5 × S5, as well as the
eight worldvolume gauge fields. The equations of motion for the embedding can be
solved by a worldvolume geometry which is AdS4 × S2 × S2 and which covers the
whole range of the coordinates (t, x, y, r, θ, φ, θ˜, φ˜). It sits at a particular value of ψ,
which must satisfy equation (32) below, and lies on the curve
z = −Λ
r
, Λ ≡ f1f2√
(f 21 + 4 cos
4 ψ)(f 22 + 4 sin
4 ψ)− f 21 f 22
. (30)
The parameters f1 and f2 are fluxes of the worldvolume gauge fields corresponding to
Dirac monopole on the S2’s, related to the monopole numbers k1 and k2 by (k1, k2) =√
λ
2pi
(f1, f2), so that
F = 1
2
(
k1d cos θ ∧ dφ+ k2d cos θ˜ ∧ dφ˜
)
=
√
λ
4pi
(
f1d cos θ ∧ dφ+ f2d cos θ˜ ∧ dφ˜
)
. (31)
The equations of motion require that the angle ψ solves the equation
(f 21 + 4 cos
4 ψ) sin2 ψ = (f 22 + 4 sin
4 ψ) cos2 ψ, (32)
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The D7 brane worldvolume metric is
ds2 =
√
λα′
[
r2(−dt2 + dx2 + dy2) + dr
2
r2
(1 + Λ2)+
+ cos2 ψ(dθ2 + sin2 θdφ2) + sin2 ψ(dθ˜2 + sin2 θ˜dφ˜2)
]
, (33)
which is a product of AdS4 with radius of curvature squared
√
λα′(1 + Λ2) and two
S2’s with radii squared
√
λα′. In the limit where f1  1 and f2  1,
Λ ≈
√
f 21 + f
2
2 /2 =
pi√
λ
√
k21 + k
2
2,
and, upon rescaling r, the worldvolume metric is
ds2 =
pi2√
λ
(
k21 + k
2
2
)
α′
[
r2(−dt2 + dx2 + dy2) + dr
2
r2
]
+
+
√
λα′
[
k21
k21 + k
2
2
(dθ2 + sin2 θdφ2) +
k22
k21 + k
2
2
(dθ˜2 + sin2 θ˜dφ˜2)
]
. (34)
where we have used the fact that, in this limit, the angle is given by
tanψ =
k2
k1
, (35)
which is the same angle as we fixed in the previous section if we identify the number
of units of flux with the dimension of the representation of the SO(3) representations.
We see that, in the limit that we are considering, the S2’s have radius of curvature
squared of order the
√
λα′ of the AdS5 × S5 background whereas the AdS4 is much
flatter, with radius of curvature squared pi2√
λ
(k21 + k
2
2)α
′. Both of these must be large
in order for the string sigma model to be semi-classical on this background.
3.2 The one-point function
The calculation involves computing the fluctuation δS of the action of a D7 brane due
to fluctuations in the background supergravity fields due to the insertion of a source on
the boundary corresponding to the operator O∆ defined in (13), see Figure 2. This
calculation has been performed for the case of a D5 brane in [25]; our calculation
detailed below proceeds in a directly analogous manner.
We will be interested in the large f1 and large f2 limit, with
ξ ≡ f2
f1
, (36)
held fixed. In this limit ψ = arctan ξ. We begin by writing down the induced metric-
plus-worldvolume-field-strength
H = 2piα′F + ∂aXM∂bXM =
√
λα′diag
(
r2, r2, r2,
1 + Λ2
r2
, B1, B2
)
, (37)
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Figure 2: Supergravity computation: The insertion of the operator O∆ on the
boundary (r = ∞) at z = z0 is dual to a supergraviton s which propagates from
the boundary insertion point into the bulk, where it is integrated over the D7 brane
world volume.
where
B1 =
(
cos2 ψ −f1
2
sin θ
f1
2
sin θ cos2 ψ sin2 θ
)
, B2 =
(
sin2 ψ −f2
2
sin θ˜
f2
2
sin θ˜ sin2 ψ sin2 θ˜
)
. (38)
For simplicity, we will set the factor of
√
λα′ in equation (37) to one and take it into
account by multiplying the D7 brane action by λ2α′4. The inverse of H is given by
H−1 = diag
(
r−2, r−2, r−2,
r2
1 + Λ2
, B−11 , B
−1
2
)
, (39)
where
B−11 =
1
sin2 θ(cos4 ψ + f 21 /4)
(
cos2 ψ sin2 θ f1
2
sin θ
−f1
2
sin θ cos2 ψ
)
,
B−12 =
1
sin2 θ˜(sin4 ψ + f 22 /4)
(
sin2 ψ sin2 θ˜ f2
2
sin θ˜
−f2
2
sin θ˜ sin2 ψ
)
.
(40)
The background metric fluctuations h associated to the insertion of the operator at
the boundary give rise to fluctuations of the induced metric
Hαβ = ∂aXM∂bXNhMN = diag
(
htt, hxx, hyy, hrr+2
Λ
r2
hzr +
Λ2
r4
hzz,
hθθ, hφφ, hθ˜θ˜, hφ˜φ˜
)
,
(41)
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where h and the fluctuation of the background 4-form potential a are given by [31]
hAdS5µν = −
2∆(∆− 1)
∆ + 1
gAdS5µν s+
4
∆ + 1
∇µ∇νs,
hS
5
αβ = 2∆g
S5
αβ s,
aAdS5µνρσ = 4i
√
gAdS5µνρσω∇ωs,
(42)
where s is a field on AdS5×S5, which is decomposed as a sum of Kaluza-Klein modes
on the five-sphere (in the following Ω denotes coordinates on S5 while X denotes
coordinates on AdS5)
s(X,Ω) =
∑
∆
∑
I
s∆I(X)Y∆I(Ω), (43)
where the total spin (i.e. SO(6) Casimir) is represented by ∆, while the other quantum
numbers defining the state are collected in the index I. Each mode s∆I(X) has mass-
squared = ∆(∆−4) and corresponds, via the AdS/CFT dictionary, to a specific chiral
primary operator of dimension ∆ in the gauge theory, namely to that operator defined
by the spherical harmonic Y∆I , where, as in section 2, the embedding coordinates of
the five-sphere are replaced by the six scalar fields of the gauge theory. Thus, for our
purposes, we will be interested in the specific modes (i.e. single terms in the sum
(43)) corresponding to the operators defined beneath (26), i.e. those with spherical
harmonic (26).
We find the following relevant Christoffel symbols (i denotes coordinates t, x, y, z)
Γrii = −r3, Γrrr = −
1
r
, Γzzr =
1
r
. (44)
The fluctuation of the Euclidean action is then given by
δS = δSDBI + δSWZ
=
T7
gs
λ2α′4
∫
d8σ
[√
H
2
Tr
(
H−1H)+ i(2piα′)2
2
a ∧ F ∧ F
]
. (45)
The pull-back of a is
4i
√
gAdS5
(
txyzrz
′r2∂r + txyrz
1
r2
∂z
)
s
= 4ir3
(
Λ∂r − 1
r2
∂z
)
s,
(46)
giving
δSWZ = −T7
gs
λ2α′4f1f2
∫
d8σ r3 sin θ sinϑ
(
Λ∂r − 1
r2
∂z
)
s. (47)
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We find the following expression for the fluctuation of the Dirac-Born-Infeld action
δSDBI =
T7
2gs
λ2α′4
∫
d8σ r2
√
1 + Λ2 sin θ sinϑ
√
(cos4 ψ + f 21 /4)(sin
4 ψ + f 22 /4)
{
4
∆ + 1
[
1
r2
(
∂2t + ∂
2
x + ∂
2
y
)
+ 4r∂r +
r2
1 + Λ2
(
∂2r + 2
Λ
r2
(
∂z∂r − 1
r
∂z
)
+
Λ2
r4
∂2z
)]
+ 4∆
(
cos4 ψ
cos4 ψ + f 21 /4
+
sin4 ψ
sin4 ψ + f 22 /4
)
− 8∆(∆− 1)
∆ + 1
}
s.
(48)
The field s is replaced by its bulk-to-boundary propagator, corresponding to a delta-
function source s0 on the boundary at ((0, 0, 0, z0)
s→ Y∆(ψ) c∆
r∆ (ρ2 + (z − z0)2 + 1/r2)∆
, (49)
where Y∆(ψ) is the spherical harmonic (26) (which, we remind the reader, is not
dependent on {θ, θ˜, φ, φ˜}), while ρ2 = t2 + x2 + y2, and
c∆ ≡ ∆ + 1
22−∆/2N
√
∆
. (50)
This normalization is needed to give the bulk two-point function of the chiral primary
unit normalization in the usual supergravity computation [31]. It is also important
that we take the operator insertion point at z0 < 0. We will also consider the other
sign later, and we will find a different answer.
The worldvolume integrations over θ, φ, θ˜, φ˜ are trivial, as only the volume measure
sin θ sin θ˜ depends upon them, leading to a factor of (4pi)2. The integration over t, x, y
are simple radial integrals in the ρ variable. We replace dt dx dy → 4piρ2dρ and use∫ ∞
0
dρ
ρa
(ρ2 + r−2(1 + (Λ− rz0)2))b
=
(
r−2(1 + (Λ− rz0)2)
)(1+a−2b)/2
× Γ
(
b− (1 + a)/2)Γ((1 + a)/2)
2Γ(b)
.
(51)
The remaining integral over r is non-trivial, but may be done in closed form. We
then take the f1 → ∞ limit, keeping f2/f1 fixed. It seems that the ∆ = 2 case is
pathological in that the worldvolume integration over r does not converge. It would
be interesting to understand the interpretation of this pathology further. On the
gauge theory side, there is nothing special about the ∆ = 2 case.
3.3 Results for z0 < 0
We first note the following identification of parameters between gauge and string
theory
ki =
√
λ
2pi
fi, (52)
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and then, recalling that ψ = arctan(k2/k1), find the following result
〈O∆(x)〉 = − δS
δs0
∣∣∣∣
s0=0
=
k1k2√
∆
(
2pi2(k21 + k
2
2)
λ
)∆/2
Y∆
(
arctan(k2/k1)
) 1
z∆0
+ sub-leading in
ki√
λ
,
(53)
where the spherical harmonic Y∆ corresponding to the operator O∆ is given by (26)
and where z0 should be equated to z. We therefore see that we have obtained a match
with the gauge theory result (3).
3.4 Results for z0 > 0
Here we find that the leading behaviour of both δSDBI and δSWZ goes as
δS
δs0
∼ λ∆/2−2 k1k2
(k21 + k
2
2)
∆/2−2
Y∆
z∆0
+ sub-leading in
ki√
λ
. (54)
However these leading terms cancel identically between the Dirac-Born-Infeld and
Wess-Zumino parts of the action. Even if they didn’t, they are already suppressed
with respect to the z0 < 0 case for all ∆ ≥ 4. The cancellation persists to an
additional order in k2i /λ, bringing the result down by λ2/k4i , so that for ∆ = 4, for
example, it goes as λ/k2i . This further cancellation ensures that δS/δs0 is suppressed
with respect to the z0 < 0 case for all ∆ ≥ 2. This suppression is consistent with the
result in the gauge theory, where we find zero.
4 SO(5) symmetric solution
As well as the SO(3) × SO(3) symmetric configuration of the D7 brane that we
have studied in the previous Sections, there is also a solution of the D3-D7 brane
intersection which has SO(5) symmetry.
4.1 N = 4 Yang-Mills theory defect with SO(5) symmetry
On the gauge theory side, there is an SO(5) symmetric solution of the Yang-Mills
theory field equations (6) which represents D3 branes ending on D7 branes in such a
way that an SO(5) subgroup of the SO(6) R-symmetry is preserved. It has the form
of a fuzzy funnel where, as |z| decreases, a certain number of D3 branes blow up into
a fuzzy 4-sphere,
φi(x) =
Gi√
8 z
, i = 1, . . . , 5 , φ6 = 0. (55)
15
The fuzzy 4-sphere uses five matrices Gi with i = 1, . . . , 5 which are the sum of totally
symmetric direct products3
Gi = [γi ⊗ I4×4 . . .⊗ I4×4 + I4×4 ⊗ γi ⊗ . . .⊗ I4×4 + . . .+ I4×4 ⊗ . . .⊗ γi]sym
⊕ 0(N−dG)×(N−dG), (56)
where γi are the 4× 4 (Hermitian) Euclidean Dirac matrices and each direct product
has n factors, the direct sums has n terms and where sym means restriction to the
completely symmetrized tensor product space. These matrices are described in detail
in references [32] and [33]. They have dimension
dG =
1
6
(n+ 1)(n+ 2)(n+ 3), (57)
and
GiGi = cG IdG×dG ⊕ 0(N−dG)×(N−dG) , cG(n+ 4). (58)
Also, the spin matrix
Gij =
1
4
[Gi, Gj] , (59)
generates SO(5) rotations,
[Gi, Gjk] = (δjkGi − δikGj) , (60)
[Gij, Gkl] = (δjkGil + δilGjk − δikGjl − δjlGik) . (61)
Now, we can form the classical contribution to the one-point function of the chiral
primary operator by simply plugging the classical solution (55) into equation (13) to
obtain,
〈O∆(x)〉 = dG√
∆
(
pi2cG
λ
)∆
2
Y∆(0) 1|z|∆ , (62)
where Y∆(θ) is the O(5) symmetric spherical harmonic (which we shall derive below),
evaluated at θ = 0, the latitude where the S4 is maximal (since φ6 = 0). In the limit
3More precisely, operating on a completely symmetric tensor vα1α2...αn ,
Giv
α1α2...αn ≡ γα1β1vβ1α2...αn + γα2β2vα1β2...αn + . . .+ γαnβnvα1α2...βn .
The dimension of the space of completely symmetric tensors with n indices, with each index running
from one to four is
dG =
(n+ 3)!
3!n!
=
1
6
(n+ 1)(n+ 2)(n+ 3).
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where the integer n is large, this reduces to4
〈O∆(x)〉 = n
3
6
√
∆
(
pi2n2
λ
)∆
2
Y∆(0) 1|z|∆ . (63)
4.1.1 O(5) symmetric spherical harmonic at level ∆
Consider the coordinate system where the metric of the 5-sphere is
ds2 = dθ2 + cos2 θdΩ24.
The spherical harmonic that we are interested in does not depend on any of the
coordinates of S4, and therefore satisfies the Laplace equation[
1
cos4 θ
d
dθ
cos4 θ
d
dθ
+ ∆(∆ + 4)
]
Y∆(θ) = 0,
which, using the variable
z =
1− sin θ
2
,
is the hypergeometric differential equation,[
z(1− z) d
2
dz2
+
(
5
2
− 5z
)
d
dx
+ ∆(∆ + 4)
]
Y∆(z) = 0. (64)
This equation is solved by the hypergeometric function
Y∆(z) = C∆ 2F1(−∆,∆ + 4; 5
2
; z), (65)
which is a polynomial,
2F1(−∆,∆ + 4; 5
2
; z) =
∆∑
n=0
Γ(5/2)
Γ(5/2 + n)
(∆ + 3 + n)!∆!
(∆− n)!(∆ + 3)!n!
(
sin θ − 1
2
)n
. (66)
4Using the spherical harmonics which will be derived in the next subsecitonb, the explicit expres-
sions for the first few values of ∆ are
〈O2(x)〉 = −
√
1
60
pi2n5
λ
〈O4(x)〉 =
√
9
11200
pi2n7
λ2
〈O6(x)〉 = −
√
1
14112
pi2n9
λ3
〈O8(x)〉 =
√
5
608256
pi2n11
λ4
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Here C∆ is a constant which must be fixed so that the spherical harmonic has its
canonical normalization (25),
C∆ =
√
(∆ + 2)(∆ + 3)
3 · 2∆+1 . (67)
We are interested in these polynomials at θ = 0 which can be found using Gauss’
second summation theorem
2F1(a, b;
1
2
(a+ b+ 1);
1
2
) =
Γ(1
2
)Γ(1
2
(a+ b+ 1))
Γ(1
2
(1 + a))Γ(1
2
(1 + b))
, (68)
to find
Y∆(θ = 0) = C∆ 2F1(−∆,∆ + 4; 5
2
;
1
2
) = C∆
Γ(1
2
)Γ(5
2
)
Γ(1
2
(1−∆))Γ(1
2
(5 + ∆))
. (69)
This vanishes when ∆ = 1, 3, 5, ... and, when ∆ = 2`,
Y2`(θ = 0) = C2`
(1
2
− 1)(1
2
− 2) . . . (1
2
− `)
(3
2
+ `)(1
2
+ `) . . . (3
2
+ 1)
. (70)
The first few spherical harmonics are
Y0 = 1,
Y1 = sin θ,
Y2 =
√
1
30
[
5− 6 cos2 θ] ,
Y3 =
√
9
40
[
− sin θ + 8
3
sin3 θ
]
,
Y4 =
√
1
2800
[
35− 112 cos2 θ + 80 cos4 θ] . (71)
4.2 Supergravity computation
Now we shall consider the computation of the one-point function using supergravity.
In the scenario where dG D3 branes end on N7 D7 branes, they act as a source of
topological charge on the world volume of the D7 branes which is reflected in the
second Chern class of the gauge fields on the worldvolume of the D7 branes,
dG =
1
8pi2
∫
S4
TrF ∧ F, (72)
where the integral is over a 4-cycle in the D7 brane worldvolume which links the D3
brane endpoints.
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In the large N planar limit and the subsequent large λ limit, the problem of
embedding the D7 brane in AdS5 × S5 reduces to finding an extremum of the Dirac-
Born-Infeld action plus the Wess-Zumino term,
S =
T7
gs
STr
∫
d8σ
[√
det(g + 2piα′F ) + i
(2piα′)2
2
C(4) ∧ F ∧ F
]
, (73)
where the trace STr is computed using the symmetrized trace prescription and we are
assuming Euclidean signature of the metric. Moreover, the worldvolume gauge fields
must take up a configuration such that their second Chern class is given by equation
(72). Their appearance in the Wess-Zumino term then influences the geometry of the
D7 brane. There is a solution of the equations of motion where the D7 brane is AdS4×
S4 embedded in AdS5×S5 and the gauge fields are a “homogeneous instanton”, which
was constructed in reference [33] and which has SO(5) symmetry. This instanton
is obtained by simply replacing the Pauli matrix generators of SU(2) in the usual
Belavin-Polyakov-Schwarz-Tyupkin instanton (stereographically projected to S4) by
the (n + 2)-dimensional irreducible representation of SU(2), where n is the same
integer which appears in equation (57) and then dG in (72) is given by (57). This
means that the number of D7 branes is N7 + 2.
We shall use a coordinate system where the metric of AdS5 × S5 is
ds2 = r2(−dt2 + dx2 + dy2 + dz2) + dr
2
r2
+ dθ2 + cos2 θdΩ24, (74)
where dΩ24 is the metric of the unit 4-sphere. The equations for the D7 brane em-
bedding are solved by the space AdS4 × S4 which covers the space spanned by the
coordinates (t, x, y, r) and wraps the S4 ⊂ S5 located at angle θ = 0 while the trans-
verse coordinate is r-dependent,
z = −Λ
r
, Λ ≡ Q√
1 + 2Q
, Q =
6pi2
λ
dG
n+ 2
. (75)
The worldvolume metric is
ds2 =
√
λα′
[
r2(−t2 + x2 + y2) + (1 + Λ2)dr
2
r2
+ dΩ24
]
. (76)
We see that, as in the SO(3)×SO(3) symmetric case, the radius of curvature increases
as a result of the back-reaction of the geometry of the D7 brane in the presence of
the instanton flux. In the limit of large Q, it becomes much larger than the radius of
curvature of the S4. Even though we will shortly consider the case where Q and n
are large, we note that what we have done so far is valid for any value of Q with one
restriction. When Q is small, the D7 brane embedding is unstable to fluctuations of
the latitude at which the S4 is located on S5 [10]. It is stable when Q > 7
2
[11]. We
caution the reader that this is a condition for stability to small fluctuations and it
does not rule out the possibility of nonperturbative instabilities.
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To facilitate our computation, we rewrite the Dirac-Born-Infeld part of the action
in the following way5,
SDBI =
T7
gs
STr
∫
d8σ
√
det(g + 2piα′F )
=
T7
gs
∫
d8σ
√
gAdS
√
gS
(
(n+ 2) +
(2piα′)2
4
TrFabF ab
)
. (77)
This identity is valid when the D7 brane metric decomposes into two nonzero 4 × 4
blocks which, on the classical solution, become AdS4 and S4 (as in equation (76)). The
metric blocks are therefore denoted gAdS and gS, respectively. Moreover, the gauge
field has nonzero components only in the gS block and it is self-dual with respect to
the gS geometry,
Fab =
1
2
abcdF
cd.
We note that, when the metrics of the blocks are set equal to the AdS4 and S4 metrics
plus a perturbation by the supergraviton field s(σ) which corresponds to the chiral
primary operator (the explicit perturbations are (hAdS, hS4) given in equation (41)),
they retain their block diagonal form and
δ
√
gAdS = λα
′2√1 + Λ2r2
(
1 +
1
2
tr g−1AdSh
AdS
)
, (78)
δ
√
gS = λα
′2√gS4
(
1 +
1
2
tr g−1S4 h
S4
)
, (79)
where gS4 is the metric of the unit S4. We also note that Fab (i.e. with down-
indices) is independent of the metric and therefore is independent of the supergraviton
perturbation s(σ). The integrand in equation (77) becomes
δLDBI =λα′2
√
1 + Λ2r2
√
gS4
(
(n+ 2) +
(2piα′)2
4
TrFabF ab
)
tr
2
g−1AdSh
AdS
+λα′2
√
1 + Λ2r2
√
gS4
(
(n+ 2) +
(2piα′)2
4
TrFabF ab
)
tr
2
g−1S4 h
S4
+λα′2
√
1 + Λ2r2
√
gS4
(2piα′)2
4
TrFabF ab
(
−tr
2
g−1S4 h
S4
)
,
(80)
so that the last term cancels part of the second term.
Now, plugging in the expressions for (hAdS, hS4) given in equation (41) and noting
that s(σ) will not depend on the coordinates on S4, integration over the S4 yields
δSDBI =
T7
gs
(n+ 2)
∫
d4σ r2
√
1 + Λ2
8pi2
3
1 +Q
2
{
4
∆ + 1
[
1
r2
(
∂2t + ∂
2
x + ∂
2
y
)
+
+4r∂r +
r2
1 + Λ2
(
∂2r + 2
Λ
r2
(
∂z∂r − 1
r
∂z
)
+
Λ2
r4
∂2z
)]
− 8∆(∆− 1)
∆ + 1
}
s(σ)
+
T7
gs
(n+ 2)
∫
d4σ r2
√
1 + Λ2
8pi2
3
4∆s(σ).
5See equation (46) of reference [33].
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where the unit 4-sphere volume is 8pi2
3
and Q is defined in equation (75). The last
term stemming from the remaining variation in gS is sub-leading, since it does not
have a factor of Q associated to it.
The Wess-Zumino term in the action has a structure similar to that in the two-flux
case that we studied in the previous section, as s(σ) appears only in the Ramond-
Ramond potential, so that
δSWZ = −T7
gs
32pi2
3
(n+ 2)Q
∫
d4σ r3
(
Λ∂r − 1
r2
∂z
)
s(σ), (81)
where we have used (72). The remainder of the problem simply follows the procedure
of the two-flux case that we used in the previous section. We find that, when z0 < 0,
and in the limit where n and Q are large,
〈O∆(x)〉 = 1√
∆
n3
6z∆0
(
pi2n2
λ
)∆/2
Y∆(0), (82)
which is identical to the Yang-Mills theory result (63).
4.2.1 z0 > 0
It is also easy to show that, on the other side of the D7 brane, where z0 > 0,
〈O∆(x)〉 ∼ Q1−∆/2, (83)
is much smaller than that on the z0 < 0 side. This is consistent with the fact that,
in the gauge theory, the leading order result vanishes.
5 Discussion
We have computed the one-point functions of chiral primary operators in two separate
cases of the D3-D7 brane system. Both computations can be done in the gauge theory
and in the string theory dual and, in a particular large flux limit, the computations
can be compared and they indeed do match. It would be very interesting to check
this agreement beyond the leading order that we have computed. In principle, the
string theory computation can be done for any value of the monopole or instanton
numbers. Accuracy of the computation depends only on
√
λ being large. It would
thus be easy to find the sub-leading orders of the computation. On the gauge theory
side, on the other hand, the sub-leading orders would require computing perturbation
theory in small λ. In both cases, however, one could generate an asymptotic series in√
λ/k. It could happen that, like the BMN limit [26] of the string spectrum, such a
comparison could fail at a higher order simply due to a non-commutativity of limits
problem [34]. It would be very interesting to investigate this.
A computation of this kind could be helpful in constructing the quantum field
theory on the defect. The bi-fundamental fields living on the defect should be chiral
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fermions. Local self-interactions of fermions are irrelevant dimension four and greater
operators. A candidate Lagrangian for the fermions is
Sdefect =
∫
d3x
{
ψ¯(x)iγµ(∂µ − iAµ)ψ(x) + . . .
}
,
where A is the bulk gauge field and its coupling to the defect fermions is fixed by
gauge invariance. With a single D3 brane, the fermions are doublets of the SO(2,1)
Lorentz symmetry and singlets of SO(3) × SO(3), so the above are apparently the
only marginal operators which contain the defect fermions. We are also allowed to
add operators made only from the bulk fields and comparison with the string theory
could be a be a useful guide as to what these operators are. There is a possibility
that they could also be checked by requiring that the resulting theory has conformal
symmetry.
Finally, it would be interesting to examine similar issues for other defect theories,
a good example being the theory based on the Janus solution [35, 36, 37], for which
fully back-reacted backgrounds are also known [38, 39].
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